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A recently introduced approach to the gravitational dynamics of binary systems involves intricate
integrals, linked to nonlocal-in-time interactions arising at the 5-loop level of classical gravitational
scattering. We complete the analytical evaluation of classical gravitational scattering at the sixth
order in Newton’s constant, G, and at the sixth post-Newtonian accuracy. We use computing
techniques developed for the evaluation of multi-loop Feynman integrals to obtain our results in two
ways: high-precision arithmetic, yielding reconstructed analytic expressions, and direct integration
via Harmonic Polylogarithms. The analytic expression of the tail contribution to the scattering
involve transcendental constants up to weight four.
I. INTRODUCTION
The detection of the gravitational wave signals emit-
ted by compact binary systems [1] has opened a new path
for investigating the structure of the Universe, and offers
a novel tool for studying the gravitational interaction.
The need to model with high accuracy the gravitational
wave signals emitted during the last orbits of coalesc-
ing black-hole binaries motivates the development of ever
more accurate methods for describing the dynamics and
radiation of gravitationally interacting binary systems.
The present work will demonstrate how progress in the
theoretical description of binary systems can be reached
by combining methods developed in General Relativity
(GR) with ideas borrowed from computational methods
in Quantum Field Theory (QFT). Specifically, we show
how to complete a state-of-the-art approach to the clas-
sical dynamics of binary systems [2] by using advanced
computing techniques developed for the evaluation of
multi-loop Feynman integrals (see, e.g., Refs. [3–9] for
reviews and significant applications)
The approach of [2] extracts information from various
classical GR observables. In particular, one of the cru-
cial gauge-invariant observables used in this approach is
the classical scattering angle χtot during a gravitational
encounter, considered as a function of the total center-
of-mass energy, E =
√
s, the total angular momentum,
J , and the symmetric mass ratio ν = m1m2(m1+m2)2 . The ap-
proach of [2] decomposes χtot(E, J ; ν) into three separate
contributions:
χtot = χloc,f + χnonloc,h + χf−h . (1.1)
Here χloc,f is the scattering angle that would be induced
by the local-in-time piece of the Hamiltonian, H loc,f(t),
given, at some perturbative accuracy, by a function of the
instantaneous state of the binary system. By contrast,
χnonloc,h, which will be the focus of the present work,
is induced by the nonlocal-in-time piece of the Hamilto-
nian, Hnonloc,h(t) (defined below). The nonlocal-in-time
scattering angle χnonloc,h is obtained by a classical per-
turbative method which expands it in combined powers of
the gravitational constant G and of the inverse velocity of
light 1c . At the sixth post-Minkowskian (6PM) level, i.e.,
at order G6 (corresponding to 5-loop graphs in the dia-
grammatic representation of the classical scattering angle
[10]), the approach of [2] gave integral representations
of χnonloc,h (recalled below) that were too complicated
to be evaluated by the methods ordinarily used in GR.
In the present work, we use advanced computing tech-
niques developed for the evaluation of multi-loop QFT
integrals to derive, for the first time, the analytical value
of the O(G6) contribution to χnonloc,h. In addition, we
use the so-acquired knowledge to correspondingly derive
the, hitherto lacking, analytical expression of the O(G6)
contribution to the last part, χf−h (defined below), of the
total scattering angle, Eq. (1.1).
II. CLASSICAL PERTURBATIVE EXPANSION
OF THE NONLOCAL-IN-TIME SCATTERING
ANGLE
The approach of [2] (further developed in [11–13]) is
based on a novel way of combining results from several
theoretical formalisms, developed for studying the gravi-
tational potential within classical GR: post-Newtonian
(PN) expansion, post-Minkowskian (PM) expansion,
multipolar-post-Minkowskian expansion, effective-field-
theory, gravitational self-force approach, and effective
one-body method. Within this framework, the Hamil-
tonian of binary systems is decomposed into three types
of contributions,
Htot(t) = H loc,f(t) +Hnonloc,h(t) +H f−h(t) . (2.1)
Here, H loc,f(t) is a local-in-time Hamiltonian, expressed,
at some given PN accuracy, by an algebraic function of
2the instantaneous values, q(t), p(t), of position and mo-
menta variables. By contrast, Hnonloc,f(t) is a nonlocal-
in-time Hamiltonian, which involves integrals over (at
least one) auxiliary time-shifted variable t′ = t+ τ :
Hnonloc,h(t) =
GM
c3
Pf2rh
12
(t)/c
∫ +∞
−∞
dt′
|t− t′|F
split
GW (t, t
′)+· · ·
(2.2)
Here, M (= Ec2 ) denotes the total conserved (center-of-
mass) mass-energy of the binary system; Pf2rh
12
(t)/c de-
notes the partie-finie regularization, using the time scale
∆th = 2rh12(t)/c, of the logarithmically divergent t
′ inte-
gration at t′ = t; rh12(t) denotes the harmonic-coordinate
distance between the two bodies; and F splitGW (t, t′) is a
time-split version of the gravitational-wave energy flux
(absorbed and then) emitted by the system1. The ellipsis
in Eq. (2.2) denotes higher-order tail effects, containing
higher powers of GMc3 , such as the second-order tail (∝(
GM
c3
)2
) analytically derived in [13] up to the combined
6PM and 5.5PN accuracy. The local Hamiltonian H loc,f
starts at Newtonian level, while Hnonloc,h gets contribu-
tions from the 4PN order on, and its structure is known
up to 6PN [11–13]. Finally, the last term H f−h(t) is
a local-in-time contribution which involves the (unsplit)
gravitational wave energy flux FGW(t) = F splitGW (t, t), and
a flexibility factor f(t) = 1+O
(
1
c2
)
that is a function of
the instantaneous state of the system:
H f−h(t) = +2
GM
c3
FGW(t) ln (f(t)) . (2.3)
The latter Hamiltonian contribution is local-in-time, but
the determination of the flexibility factor f(t) depends
on the explicit knowledge of the scattering angle induced
by the nonlocal-in-time Hamiltonian Hnonloc,h(t).
The Hamiltonian decomposition (2.1) yields a corre-
sponding decomposition of the total scattering angle χtot,
as displayed in Eq. (1.1). At the needed accuracy, the
nonlocal contribution χnonloc,h can be written as [14],
χnonloc,h(E, J, ν) =
∂W nonloc,h(E, J, ν)
∂J
, (2.4)
where,
W nonloc,h(E, J ; ν) =
∫ +∞
−∞
dtHnonloc,h(t) , (2.5)
is the integrated nonlocal action. Inserting Eq. (2.2)
into Eq. (2.5), one sees that the knowledge of
χnonloc,h(E, J ; ν) depends on the evaluation of a (regu-
1 We consider the conservative dynamics of a binary system inter-
acting in a time-symmetric way.
larized) two-fold integral,
W nonloc,h(E, J ; ν) =
GE
c5
×
Pf2rh
12
(t)/c
+∞∫
−∞
+∞∫
−∞
dtdt′
|t− t′|F
split
GW (t, t
′)
+ · · · (2.6)
The latter integral is to be evaluated along an
hyperbolic-motion solution of the local-in-time Hamilto-
nian H loc,f(t).
The method of [2] requires as crucial input the ex-
plicit knowledge of the double, PM and PN, perturba-
tive expansion of W nonloc,h(E, J ; ν), i.e., its combined
expansion in powers of G (PM expansion), and of 1c2
(PN expansion). It is convenient to express the com-
bined PM+PN expansion of W nonloc,h(E, J ; ν) in terms
of the dimensionless variables
p∞ ≡
√
γ2 − 1 , and j ≡ cJ
Gm1m2
, (2.7)
where the effective-one-body specific energy γ is defined
as
γ =
Eeff
µc2
≡ E
2 −m21c4 −m22c4
2m1m2c4
. (2.8)
As j ∝ cG , the PM expansion of W nonloc,h is equivalent
to an expansion in inverse powers of j, and reads (after
setting aside the second-order tail contribution)
cW nonloc,h(γ, j; ν)
2Gm1m2
= −νp4∞
(
Ah0 (p∞, ν)
3j3
+
Ah1 (p∞, ν)
4p∞j4
+
Ah2 (p∞, ν)
5p2∞j
5
+O
(
1
j6
))
. (2.9)
Using Eq. (2.4), this corresponds to the following PM
expansion of the corresponding nonlocal scattering angle
1
2
χnonloc,h(γ, j; ν) = +νp4∞
(
Ah0 (p∞, ν)
j4
+
Ah1 (p∞, ν)
p∞j5
+
Ah2 (p∞, ν)
p2∞j
6
+O
(
1
j7
))
. (2.10)
The dimensionless coefficients Ahm(p∞, ν), m =
0, 1, 2, · · · , then admit a PN expansion, i.e., an expan-
sion in powers of p∞ = O
(
1
c
)
, modulo logarithms of p∞,
say
Ahm(p∞, ν) =
∑
n≥0
[
Amn(ν) +A
ln
mn(ν) ln
(p∞
2
)]
pn∞ .
(2.11)
The coefficient Amn(ν) parametrizes a term of order
p4+n−m
∞
j4+m ∼ G
4+m
c8+n (with m ≥ 0, n ≥ 0) in the com-
bined PM+PN expansion of the nonlocal scattering an-
gle. The leading-order contribution to the nonlocal dy-
namics is at the combined 4PM and 4PN level, i.e.,
3∝ G4/c8 [15]. The corresponding nonlocal scattering co-
efficient, coming from m = 0 and n = 0, is Ah0 (p∞, ν) =
pi
[− 375 ln (p∞2 )− 634 ] + O(p2∞) [14]. The higher-order
logarithmic coefficients Alnmn(ν) were analytically deter-
mined [11–13] so that we shall henceforth focus on the
non-logarithmic coefficients Amn(ν). The classical GR
perturbative approach of [2, 11–13] yields explicit integral
expressions for the non-logarithmic coefficient Amn(ν)
with integrands that are polynomials in the symmet-
ric mass ratio ν. Writing Amn(ν) =
∑
k Amnkν
k, with
k = 0, 1, 2, · · · , this finally yields explicit, parameter-free
double-integral expressions for the (numerical) coefficient
Amnk of ν
k in the polynomial Amn(ν), say
Amnk =
∫ +1
−1
∫ +1
−1
dTdT ′
|T − T ′|amnk(T, T
′) . (2.12)
The structure of the integrands amnk(T, T
′) reads
amnk(T, T
′) = Rmnk0 (T, T
′)
+ Rmnk1 (T, T
′) (arctanh(T )− arctanh(T ′))
+ Rmnk2 (T, T
′) (arctanh(T )− arctanh(T ′))2
+ Rmnk3 (T, T
′) (arctan(T )− arctan(T ′)) ,
(2.13)
where the coefficients RmnkN (T, T
′) are rational functions
of T and T ′. The integration variables are related via
T = tanhv2 and T
′ = tanhv
′
2 to the “hyperbolic eccentric
anomalies” v and v′ that parametrize the original time
variables t and t′ via the relativistic generalization [16,
17] of the Keplerian representation of hyperbolic motion.
The latter notably involves a relativistic version of the
hyperbolic Kepler equation: n¯(t − t0) = et sinh v − v +
O( 1c4 ).
It was possible to analytically compute the numerical
coefficients Amnk appearing at the 4PM (G
4) and 5PM
(G5) levels (i.e., for m = 0, 1), up to the 6PN, i.e., 1c12 ac-
curacy. By contrast, the integrands of Eq. (2.12) become
so involved at the 6PM order (corresponding to 5-loop
classical scattering diagrams), that the use of standard
GR integration methods failed to give the analytical val-
ues of the 6PM scattering coefficients A220, A240, A241,
A242. Even the numerical evaluation of the latter coef-
ficients in [13] met with difficulties and only produced
8-digit-accurate results.
The lack of analytical determination of the 6PM co-
efficients A220, A240, A241, A242 is an imperfection that
limits the application of the method of [2] at the 6PN
level. In particular, the combination
D =
1
pi
(
5
2
A221 +
15
8
A200 +A242
)
, (2.14)
crucially enters the definition of the flexibility factor f(t),
and thereby the analytical definition of the third contri-
bution, H f−h(t), Eq. (2.3), to the total Hamiltonian.
The coefficient D, Eq. (2.14), is of direct physical sig-
nificance for the dynamics of coalescing binary systems
because it enters the elliptic-motion observables (such as
periastron precession).
We achieve here the important goal of analytically de-
termining all the 6PM scattering coefficients, A2nk (and
thereby also the coefficient D, Eq. (2.14)), by applying
to the integral representations, Eqs. (2.12), (2.13), some
of the high-precision numerical techniques and analytic
methods that have been developed for evaluating QFT
observables, expressed in terms multi-loop Feynman in-
tegrals.
III. A2nk AND COMPANION COEFFICIENTS
In the following we use the notation of Ref.[13] and
parametrize the (non-logarithmic) scattering coefficients
A2nk in terms of the equivalent set of coefficients denoted
dnk, and related to them via
2
pi−1A200 = d00,
pi−1A220 = d20 + 3d00,
pi−1A221 = d21 − 2d00,
pi−1A240 = d20 + d40 +
3
2
d00,
pi−1A241 = d21 − 11
2
d00 + d41 − 2d20,
pi−1A242 = d42 − 2d21 + 3d00 . (3.1)
The coefficients d00 and d21 (and therefore A200 and
A221) were computed analytically [13],
d00 = −99
4
− 2079
8
ζ(3) ,
d21 =
1541
8
+ 306 ζ(3) . (3.2)
In addition, some parts of the integrals giving d20, d40,
d41 and d42 could be analytically evaluated, leaving as
remaining unknown coefficients the quantities Q20, Q40,
Q41 and Q42 related to d20, d40, d41 and d42 (and thereby
2 For simplicity, we shall not use here the coefficients cnk that are
related to the dnk ’s through Eq. (4.14) of Ref. [13].
4to A220, A240, A241, and A242) via
pid20 =
(
32813
192
+
66999
224
ln(2)
)
pi
+
5
2
Q20 − 25883
720
− 22333
56
K ,
pid40 =
(
293499
512
+
442237
2688
ln(2)
)
pi
+
5
2
Q40 − 750674317
762048
− 442237
2016
K ,
pid41 =
(
−4431841
48384
− 28735
64
ln(2)
)
pi
+
5
2
Q41 +
703435949
635040
+
28735
48
K ,
pid42 =
(
1105777
6048
− 4497
32
ln(2)
)
pi
+
5
2
Q42 +
59610947
317520
+
1499
8
K . (3.3)
Here K denotes Catalan’s constant, defined as K ≡
β(2) ≡ ∑∞n=0(−1)n/(2n + 1)2 = 0.915965 . . . (with β
being the Dirichlet function). The coefficients Q20, Q40,
Q41 and Q42 are all expressed as two-fold integrals of
the type indicated in Eq. (2.12). The explicit forms of
the integrands qnk(T, T
′), for (nk) = (20), (40), and (41),
yielding the corresponding coefficients Qnk after integra-
tion on the square (T, T ′) ∈ [−1, 1] × [−1, 1], are given
in the Supplemental Material of the present paper. See
below for the integrand q42(T, T
′) of Q42
3.
In their original forms, the integrands qnk(T, T
′) (in-
cluding the factor 1|T−T ′| pulled out in Eq. (2.12))
are finite but discontinuous across the first diagonal
T = T ′ of the square. One, however, gets a con-
tinuous, and simpler, integrand by working (as it is
allowed) with a symmetrized integrand qsymnk (T, T
′) =
1
2 (qnk(T, T
′) + qnk(T
′, T )). It is then found that
qsymnk (T, T
′) has a four-fold symmetry. Namely, it is
symmetric under reflection through the two diagonals
of the square (T, T ′) ∈ [−1, 1] × [−1, 1]. In other
words, qsymnm (T, T
′) = +qsymnm (T
′, T ) = qsymnm (−T,−T ′) =
qsymnm (−T ′,−T ). In addition, qsymnm (T, T ′) is continu-
ous (though not differentiable) across the first diago-
nal T = T ′. The value of the integral Qnk can then
be obtained from integrating qsymnk (T, T
′) on the triangle
−1 < T < 1,−1 < T ′ < T (or even on the subtriangle
obtained by modding out the symmetry under the second
diagonal).
For concreteness, let us discuss in detail the structure
3 The original form of q42(T, T ′) was presented in the Ancillary
File of [13].
of the integrand qsym42 (T, T
′). We have
|T − T ′|qsym42 (T, T ′) = r42(T, T ′)
+c¯1(T, T
′)
[
A−A′
T − T ′ −
1
2
dA
dT
− 1
2
dA′
dT ′
]
+c¯2(T, T
′)
[(
A−A′
T − T ′
)2
− 1
2
(
dA
dT
)2
− 1
2
(
dA′
dT ′
)2]
,
(3.4)
where r42(T, T
′), c¯1(T, T
′) and c¯2(T, T
′) are rational
functions, and where we used the shorthand notation
A ≡ arctanh(T ), and A′ ≡ arctanh(T ′). The integral
corresponding to r42(T, T
′) can be explicitly performed,
namely
Qr42 =
+1∫
−1
+1∫
−1
dTdT ′
|T − T ′|r42(T, T
′)
= −3463
20
K +
33256213
340200
−pi
(
8306153213
7257600
+
19776073
15120
ln(2)
)
, (3.5)
while the rational coefficients c¯1(T, T
′) and c¯2(T, T
′) can
be factorized as
c¯1(T, T
′) =
−16(1− T 2)2(1− T ′2)2(1− TT ′)
945(1 + T 2)9(1 + T ′2)9(1 + TT ′)3
P1(T, T
′),
(3.6)
c¯2(T, T
′) =
−16(1− T 2)3(1 − T ′2)3
315(1 + T 2)8(1 + T ′2)8(1 + TT ′)3
P2(T, T
′),
(3.7)
where P1(T, T
′) and P2(T, T
′) are (symmetric) polyno-
mials in T and T ′ which are given in the Supplemental
Material. The total degree in T and T ′ of P1(T, T
′) is 32,
while that of P2(T, T
′) is 28. Note that the integrands
corresponding to c¯1(T, T
′) and c¯2(T, T
′) vanish propor-
tionally to (T−T
′)2
|T−T ′| = |T − T ′| across the first diagonal.
IV. ANALYTIC EVALUATION OF THE
SCATTERING INTEGRALS Qnk
To determine the analytic expressions of the scattering
integrals Qnk (equivalent to the Ank’s), we adopt a two-
step strategy:
1. Experimental Mathematics and Analytic Recogni-
tion;
2. Analytic Integration and Harmonic Polyloga-
rithms.
Such a strategy is often used in the realm of multi-loop
Feynman calculus, when a direct analytic integration
seems prohibitive, See e.g. Refs. [3, 5–9, 18–24]. Previ-
ous uses of experimental mathematics and high-precision
5arithmetics within studies of binary systems include Refs.
[25–27]. We note in particular that one of the integrals (in
momentum space) contributing to the 4PN-static term
of the two-body potential, used in [27] and originally ob-
tained by analytic recognition [28], was later analytically
confirmed by direct integration (in position space) [29].
In the current work, in order to perform the first step,
we started by numerically computing the definite inte-
grals of qnk(T, T
′) on the triangle−1 < T < 1,−1 < T ′ <
T to a very high precision (with a few hundreds of dig-
its), using a double-exponential change of variables [30].
Indeed, the latter method is well-adapted to our integrals
which are mildly singular on the boundaries of the trian-
gle −1 < T < 1,−1 < T ′ < T . The 200-digit accuracy
level that we used was amply sufficient for reconstructing
the analytic expressions of the Qnk’s by using the PSLQ
algorithm [31] and a basis of transcendental constants in-
dicated both by the structure of the integrands, and the
analytical results (3.2), (3.5). Our numerical results are
given in Table I, while Table II gives the reconstructed
analytic expressions of the Qnk’s, and the related dnk’s.
We have a posteriori checked that the so-reconstructed
exact values of the dnk’s agree (within our estimated error
±1× 10−8) with the values given in Table VI of [13].
Having the semi-analytic expressions given in Table II
in hands, we proceed to the (purely analytical) second
step of our strategy.
We first perform the integration over T ′, beginning
with an integration by-parts of the terms that contain,
in the denominator, polynomials in T ′ with integer ex-
ponents bigger than one. We are then left with integrals
containing powers of arctan(T ′), or arctanh(T ′), in the
numerator, and powers of (T ′± 1), (T ′± i), (T ′−T ) and
(T ′ + 1/T ), in the denominator. These integrals are car-
ried out by differentiating with respect to T , repeatedly
if needed, until the integration in T ′ is straightforward.
Thereby, the original integral is obtained as a repeated
quadrature in T , whose first layer reads as,
f(T ) =
∫ T
−1
dT ′g(T, T ′)
= f(T0) +
∫ T
T0
dT
∂
∂T
∫ T
−1
dT ′g(T, T ′)
= f(T0) +
∫ T
T0
dT
(
g(T, T ) +
∫ T
−1
dT ′
∂g(T, T ′)
∂T
)
.
The integrand f(T ) obtained after the integration over
T ′ contains Nielsen polylogarithms [32] (up to weight 3).
For convenience, we fold the integral over the interval
T ∈ [0, 1]: ∫ 1
−1
dTf(T ) =
∫ 1
0
dT [f(T ) + f(−T )].
The final integration over T ∈ [0, 1] is performed in
three steps. First, we integrate by-parts the factors
(T ± i)−n or (T ± 1)−n with n > 1, until n is reduced to
1. Second, we map the resulting integrals containing T−1
and (T ± 1)−1 (but not (T ± i)−1) to Harmonic Polylog-
arithms (HPLs) [8]. The HPLs are defined as recursive
integrals,
Hi1i2...in(x) =
∫ x
0
dt1 fi1(t1)Hi2...in(x) , (4.1)
with f±1(x) = (1 ∓ x)−1, f0(x) = 1/x, and H±1(x) =
ln(1∓ x), H0(x) ≡ ln(x). For a given HPL, Hi1i2...in(x),
the number n of indices is called its weight, and corre-
sponds to the number of iterations appearing in its nested
integral representation. H-functions obey integration-
by-parts relations and shuffle algebra relations which can
be used to identify, weight-by-weight, a minimal (albeit
not unique) subset of them to be considered as indepen-
dent. For instance, at weights w = 2, 3, and 4 the mini-
mal subsets are formed by 3, 8, and 18 elements, respec-
tively (see [33] for a Mathematica implementation).
Third, we consider the integrals containing (T ± i)−1:
these cannot be directly cast in HPL format. Therefore,
we modify the integrands by a suitable insertion of a pa-
rameter x, to be later eliminated, in order to obtain the
original integral back. The integral, now function of x,
will be subsequently reconstructed by repeated differen-
tiations with respect to x and quadratures (as explained
earlier, in the case of the T ′ integration). Let us show an
example of this technique: all the Qnk contain the same
combination of integrals with w = 4,
J =
∫ 1
0
dT
16 arctanh3(T )− 3 Li3
[
−
(
1−T
1+T
)2]
1 + T 2
. (4.2)
Notice that arctanh(T ) = −(1/2)ln((1−T )/(1+T )). We
modify the integral (4.2), to let it acquire a dependence
on the variable x, i.e. J → J(x), in the following way:
J(x) ≡
∫ 1
0
dT (1− x2)×
×
16 arctanh3(T )− 3 Li3
[(
(1−T )(1−x)
(1+T )(1+x)
)2]
2i(T + x)(T + 1/x)
. (4.3)
Then, the original integral is recovered at x = i, that is
J = J(i). By differentiating and reintegrating over x,
J(x) can be conveniently written in terms of HPL’s at
6TABLE I: Numerical values of the Qnk integrals with 200-digit accuracy.
Q20 524.7672921802125843427359557031017584761419995573690119377287112384988398300977120939070371581
96060831706238995205677052067946783744966475134730111010455883184170170829347212071124106113165
8613485679
Q40 544.4939915701706772258458158548215701355843583332648304959367083415682948158610574285653029862
87084252115923423339364981524722633807905033769432119691717874743144282677041484694939992691447
2804761699
Q41 −1029.52887537403849684626420906288951311349891044967686745420133893415513339408657109916000809
60027000683311179242081514484014334501266712433925887538266005603952131007506207305140646213006
5024513617
Q42 −802.885057050786642755886295069034459970736865058430654964178895902426423211047940727300850918
74267871623078435110513965444766798525251182468350940531767163197645060875802781537593191860287
8433814664
TABLE II: PSLQ reconstruction of the various integrals.
Q20
25883
1800
+ 22333
140
K− 625463
3360
pi − 361911
560
pi ln 2 + 99837
160
piζ(3)
d20 −
32981
112
−
9216
7
ln 2 + 99837
64
ζ(3)
Q40
750674317
1905120
+ 442237
5040
K− 571787
103680
pi 7207043
6720
pi ln 2− 190489
320
piζ(3)
d40
725051
1296
+ 19920
7
ln 2− 190489
128
ζ(3)
Q41 −
703435949
1587600
−
5747
24
K+ 1154149
17280
pi + 1897771
3360
pi ln 2− 306219
640
piζ(3)
d41
607867
8064
+ 20224
21
ln 2− 306219
256
ζ(3)
Q42 −
59610947
793800
−
1499
20
K− 402163
2520
pi + 4497
80
pi ln 2− 11871
160
piζ(3)
d42 −
186743
864
−
11871
64
ζ(3)
weight w = 4, as,
i J(x) =
23
240
pi4 − 21 ln 2 ζ(3) + pi2 ln2 2− ln4 2− 24a4
+
1
2
pi2H0,−1(x) +
1
2
pi2H0,1(x)− 3
2
pi2H−1,−1(x)
−3
2
pi2H−1,1(x) − 3
2
pi2H1,−1(x)− 3
2
pi2H1,1(x)
−12H0,−1,−1,−1(x) + 6H0,−1,−1,0(x) − 12H0,−1,1,−1(x)
+6H0,−1,1,0(x) − 12H0,1,−1,−1(x) + 6H0,1,−1,0(x)
−12H0,1,1,−1(x) + 6H0,1,1,0(x) − 6H−1,−1,−1,0(x)
−6H−1,−1,1,0(x) − 6H−1,1,−1,0(x)− 6H−1,1,1,0(x)
−6H1,−1,−1,0(x) − 6H1,−1,1,0(x)− 6H1,1,−1,0(x)
−6H1,1,1,0(x) + 12H0,−1,−1(x) ln 2 + 12H0,−1,1(x) ln 2
+12H0,1,−1(x) ln 2 + 12H0,1,1(x) ln 2
+
21
2
H−1(x)ζ(3) − 3
2
H0(x)ζ(3) +
21
2
H1(x)ζ(3) . (4.4)
Using a4 = Li4(1/2), and the values of the HPLs at x =
i, listed in Table III (see the Appendix), one finds the
following value for (4.2):
J(i) = −1
2
pi2 K+
9
2
piζ(3) = J. (4.5)
Using a similar strategy, the expressions of all the coef-
ficients Qnk(x) can be obtained analytically. The size of
the occurring intermediate expressions, similar to (4.4),
is too large to be presented here. Anyway, the crucial
results concern the final analytic expressions for the so-
obtained Qnk ≡ Qnk(x = i). They are found to be
drastically simpler than the intermediate results, and,
as expected, to be in perfect agreement with the semi-
analytical expressions discussed earlier, and given in Ta-
ble II.
V. SCATTERING ANGLE AND PERIASTRON
PRECESSION AT 6PM, O(G6)
The 6PM-accurate (O(G6)) scattering coefficient
Ah2 (p∞, ν) associated with the integrated nonlocal action
W nonloc,h, Eq. (2.5), when PN-expanded in powers of
p∞, reads,
Ah2 (p∞; ν) = A
tail,h,N
2 +A
tail,h,1PN
2 +A
tail2,h,1.5PN
2
+Atail,h,2PN2 + O(p
5
∞) . (5.1)
The values of the first, Atail,h,N2 , and third, A
tail2,h,1.5PN
2 ,
contributions (respectively contributing to the 4PN and
5.5PN orders) were obtained in Ref. [13]. New with
the present work is the complete analytical determina-
tion of the two other contributions to Eq. (5.1), namely,
Atail,h,1PN2 , and A
tail,h,2PN
2 . The latter contributions are
7both at the 6PM (O(G6)) order, and they respectively
belong to the 5PN (O(c−10)) and 6PN (O(c−12)) levels.
Recalling also the 4PN contribution to Ah2 (p∞; ν), we
have now the complete, 6PN-accurate analytical results
for Atail,h2 :
Atail,h,N2 = pi
[
−2079
8
ζ(3)− 99
4
− 122 ln
(p∞
2
)]
,
Atail,h,1PN2 = pi
[(
−13831
56
+
811
2
ν
)
ln
(p∞
2
)
− 41297
112
+
1937
8
ν +
(
49941
64
+
3303
4
ν
)
ζ(3)− 9216
7
ln(2)
]
p2∞ ,
Atail,h,2PN2 = pi
[(
75595
168
ν +
64579
1008
− 785ν2
)
ln
(p∞
2
)
+
1033549
4536
+
8008171
8064
ν − 583751
864
ν2
−
(
40711
128
+
660675
256
ν − 100935
64
ν2
)
ζ(3)
+
(
10704
7
+
75520
21
ν
)
ln(2)
]
p4∞ . (5.2)
As a consequence of our results, we can also now
compute the analytical value of the (minimal value of
the) flexibility coefficient, f(t), and thereby the effect
of H f−h(t), Eq. (2.3), on the near-zone gravitational
physics, such as periastron precession. They both de-
pend on the crucial combination D, Eq. (2.14). Though
all the building blocks enteringD (which can equivalently
be written as D = 12d21 + d42 − 18d00) contain ζ(3), it is
remarkably found that D turns out to be equal to the
rational number
D = −12607
108
, (5.3)
which is compatible with the previous numerical estimate
Dnum = −116.73148147(1).
The value of D then determines the minimal value of
the flexibility coefficient Dmin3 (see Eq. (7.28) in [13]),
namely
Dmin3 = −
68108
945
ν , (5.4)
as well as the f -related, 6PN-level contribution to the
periastron precession (see Eq. (8.30) in [13]):
K f−h,circ,min(j) = +
68108
945
ν3
j12
. (5.5)
VI. CONCLUSIONS
By using advanced computing techniques developed for
the evaluation of multi-loop Feynman integrals, we have
completed the analytical knowledge of classical gravita-
tional scattering (and periastron precession) at the sixth
order in G, and at the sixth post-Newtonian accuracy.
We think that the present work exemplifies a new type
of synergy between classical GR and QFT techniques
that can be developed in many directions, and can sig-
nificantly help to improve the theoretical description of
gravitationally interacting binary systems.
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Appendix
We collect in Table III, the values of the independent
bases of HPLs, Hi1i2...in(x) at the point x = i, up to
weight w = 4, required for the analytic evaluations de-
scribed in Sec. IV.
[1] B. P. Abbott et al. [LIGO Scientific and Virgo], “GWTC-
1: A Gravitational-Wave Transient Catalog of Compact
Binary Mergers Observed by LIGO and Virgo during the
8TABLE III: Independent sets of HPLs, at the point x = i, up to weight four.
H−1(i)
ln 2
2
+ ipi
4
H0(i) i
pi
2
H1(i) −
ln 2
2
+ ipi
4
H0,−1(i)
pi2
48
+ iK
H0,1(i) −
pi2
48
+ iK
H−1,−1(i) −
pi2
32
+ ln
2 2
8
+ 1
8
ipi ln 2
H−1,1(i) −
pi2
32
−
ln2 2
8
−
3
8
ipi ln 2 + iK
H1,−1(i) −
pi2
32
−
ln2 2
8
+ 3
8
ipi ln 2− iK
H1,1(i) −
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32
+ ln
2 2
8
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1
8
ipi ln 2
H0,−1,−1(i)
29
64
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4
Kpi − iQ3
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27
64
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4
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3
32
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64
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3
32
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64
ζ(3)− 1
4
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128
ζ(3) ln 2 + 5
384
pi2 ln2 2− 5
384
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16
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4
+ iQ4
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4608
+ K
2
2
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2
+ 29
128
ipiζ(3)− 7
48
iKpi2
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97
9216
pi4 + 91
128
ζ(3) ln 2− 13
384
pi2 ln2 2 + 13
16
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13
384
ln4 2 + 3
4
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2
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8
ipiζ(3) + 1
16
ipi3 ln 2− 2iK ln2 2
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5
16
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71
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2
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K2
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1
2
Kpi ln 2− 21
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32
ipi3 ln 2
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pi4 + K
2
2
−Kpi ln 2− 3
2
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27
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8
ipi3 ln 2− 7
48
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ζ(3) ln 2 + 13
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pi2 ln2 2− 13
384
ln4 2− 13
16
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1
2
Kpi ln 2 + K
2
2
−
1
4
piQ3 +
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128
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ipi3 ln 2
+iK ln2 2 + 3
16
iKpi2 − 5iβ(4) + 4iQ3 ln 2 + 7iQ4
H0,1,1,0(i) −
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+ K
2
2
−
1
2
piQ3 −
5
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128
ipiζ(3)
H−1,−1,−1,0(i) −
31
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2
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384
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1
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ipi ln3 2
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91
9216
pi4 − 1
2
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